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0.3 Why Read This Book?

This book describes the basics of set theory, model theory, proof theory, and
recursion theory; these are all parts of what is called mathematical logic. There
are three reasons one might want to read about this:

1. As an introduction to logic.
2. For its applications in topology, analysis, algebra, Al, databases.
3. Because the foundations of mathematics is relevant to philosophy.

1. If you plan to become a logician, then you will need this material to
understand more advanced work in the subject.

2. Set theory is useful in any area of math dealing with uncountable sets;
model theory is closely related to algebra. Questions about decidability come
up frequently in math and computer science. Also, areas in computer science
such as artificial intelligence and databases often use notions from model theory
and proof theory.

3. The title of this book is “The Foundations of Mathematics”, and there are
a number of philosophical questions about this subject. Whether or not you are
interested in the philosophy, it is a good way to tie together the various topics,
so we’ll begin with that. Further philosophical remarks occur in Subsection
1.7.2 and Chapter III.
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Axiom 0. Set Existence. /

9
Axiom 1. Extensionality. /7 M ol st

Vz(2€x o 2€y) - z=y

sch U
Axiom 2. Foundation. “f(a
Jy(yez) — By(yEx/\—»Bz(zex/\zEy) !Q Ei!E

Axiom 3. Comprehension Scheme. For each formula, ©, w1t;hout Y
free,

JWVz(z ey — zTE€2AP(T))

Axiom 4. Pairing. h C@‘#;"‘ S
z(xezAy € 2) A 3 3M "
balﬁ X lea

Axiom 5. Union.
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Axiom 6. Replacement Scheme. For each formula, ¢, without B free,
Ve € Adlyp(z,y) — 3IBVx € A3y € By(z,y)

The rest of the axioms are a little easier to state using some defined notions.
On the basis of Axioms 1,3,4,5, define C (subset),  (or 0; empty set), S (ordinal
successor function ), N (intersection), and SING(z) (z is a singleton) by:

zCy <<= Vz(zez—o2z€y)
z=0 << Vz(z¢2)
y=S() <& Vz(zeyeozexzVz=r1x)
w=zxNy <<= V{(zEwez€xTNAZEY)
SING(z) <+= 3JyezVzez(z=y)

Axiom 7. Infinity.
Jz(P ez AVy e z(S(y) €))
Axiom 8. Power Set.
V(2 Cxz > 2z€Y)
Axiom 9. Choice.

D¢ FAVce FYye Fz#y—zNy=0) — 3CVze F(SING(CNz))

@ 7FC = Axioms 1-9. ZF = Axioms 1-8.

@ 7C and Z are ZFC and ZF, respectively, with Axiom 6 (Replacement)
deleted.

& 7~, ZF~, ZC~,ZFC™ are Z, ZF, ZC, ZFC, respectively, with Axiom 2
(Foundation) deleted.
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Axiom 1. Extensionality.

VZ(ZGSCHzEy) - =y
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